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β × R
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ε × R
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α
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div v = 0
����

Dv

Dt
= −2Ω× v − Ω× (Ω × r) −

1

ρ
grad p +

1

ρ
div τ

� �>�

DCT

Dt
= div(Dgrad CT )

�W7T�
{Go?h0l�h

τ
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C =
CT − C∞

CS − C∞
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?v.h�sCgrt�m}k�o.h:&Gh�|%v?m>gry.tGsCv?y k�o?h?MnjDo.p�qwynk�v%u?p?�@h0lDt/�%|�k�o.h:l�h0grsBk�qimTv?t��

R = r∗e

(

Ω

ν∞

)1/2 sCv#y
Sc =

D∞

ν∞

�ZQ>�

K k:k�o.qrt,�#mTqiv%k���{4h sTt�t�u.p�h�k�o?sBk,k�o.h �Nqwt�j7m%t�qik| ynh0�@h0v#y.t,m>v3k�o.h j0m>v?j0h0v%k�lDsBk�qimTv�mC�4k�o.h jDo.h�p�qwj�sCg t��#h�j7qwh>�Us>v?y��Uj0m>v?t�h��
�%u.h�v%k�gw|>�.mTv k�o.h�sB~nqrsCg�j7mNm>lDynqwv?sBk�h

z
�� h�sCgrt�m�s>t�t�u?p�hOk�o.h?M%k�mTz>h�t �
f qwv?tk�h0qwv grs�{:�N{Go.qrjDo��@mTt�k�u?gwsCk�h�tFk�o?sBkGk�o.h,�.l�mNy.u?j�k

m>��k�o.h�ynq!�@u#t�qwm>v)j7mNh�� j0qih�v%k/�N| k�o.h:�Nqwt�j7m%t�qik| qrt�j7mTv?tkDsCv%k��

Dν = D∞ ν∞
�M�T�

{Go?h0l�h
D∞

sCv#y
ν∞

s>l�hOk�o?h:�.u.gwz ynq!�`u?t�qwm>v)j0m%h���j7qwh0v%k+sCv?y k�o.hO�.u.gwz �Nqrt�j0mTt�q;k|T�nl�h�t��@h�j7k�qw�>h0gw|>�G+�v sTynqik�qwm>vK�n{Fh�s>t�t�u?p�h
k�o?sBkGk�o.h:�Nqwt�j7m%t�qik| �BsCl�qih�t&{Gq;k�o�k�o.h�j0m>v?j0h0v%k�lDsBk�qimTvK�ns>j0j0m>lDynqwv.x�k�m��

ν = ν∞ exp(mC)
�Z">�

�It�qwv.x}k�o.h��.u.gwz��Nqwt�j7m%t�qik|�s>v?y y.q �`u?t�qimTv j7mNh�� j0qih�v%k�h�t��
ν∞

sCv#y
D∞

�Tk�m�sTynqwp�h�v?t�qimTv?sCgwq!0�h�f3�Nt��`�M�T�=sCv?y3�Z"C� {4hOm�.k�sCqwv��

Dν = 1
sCv#y

ν = exp(mC)
�'*T�

f �Tu#sBk�qwm>v#t���_@�7T�4kDsCz>hOk�o.h,��m>gwgimB{Gqwv.x}��m>l�pR�.sB��k�h�lGqiv%k�l�mnynu?j0qiv?x}k�o.h�s>y.qip�h0v#t�qwm>v?s>giq�00qwv.x}�6s>j7k�m>lDt

div v = 0
�6�%�

Dv

Dt
= −2 ez × v − ez × grad p +

1

R
div τ

���^T�

DCT

Dt
=

1

R Sc
div(D gradCT )

���>���
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�&o?hJ�?sTt�h�t�k�sBk�h}qrtIk�o.h�	QmTv����Cl�p��Cv�t�qwp�qwgrsCl�q;k|)t�m>gwunk�qwm>v���m>l:s��#u.qwy�{Gq;k�o�k�o.h��Nqwt�j7m%t�qik|)ynh0�@h0v?y.qiv.x�m>v�k�o.h j0m>v��
j0h0v%k�lDsBk�qimTv�
#h0gry��.{Go.qrjDo qrt�sTt�t�u.p�h�y k�m��BsCl�| sCgwm>v?x�k�o.h�sB~nqrsCgKj7mNmTl�ynqwv?sCk�hOm>v.gw|>�G+�vRynqwp�h�v?t�qimTv?sCg��BsCl�qrs��.gwh�t��













v̄r

v̄θ

v̄z

p
C̄













=













r Ω F (z)
r Ω G(z)

(ν∞ Ω)1/2 H(z)
ρν∞ΩP (z)
C∞ + (CS − C∞)C(z)













�����>�

7



�/�����+�	��
���%������������\.432"65'87:9;9;<0��� � "@8��^"Ýÿ%���������	�[0²� ] � � ���������)0²�^���X���("65'$9;<��i9����B�

.+h0l�h>�
CS

s>v?y
C∞

sCl�h>�1l�h�t��#h�j�k�qi�Th0gw|>��k�o.h�j7m>v#j7h0v%k�l�sCk�qwm>v mC�&k�o?h jDo.h�p�qrj0s>g4t��#h�j7qwh sCk�k�o.h h0gwh�j7k�l�mNy.h t�u?l��6sTj7h s>v?y qiv
k�o.h��.u.gwz@�<9Fm>u.v?y?sCl�|3j7mTv?ynqik�qwm>v?t���m>l

F
�
G
�
H

sCv?y
P
s>l�h

F = G = H = P = 0
sCk�k�o?h ynqrt�z�t�u.l��6s>j7h

(z = 0)
�

F = H ′ = P ′ = 0
s>v?y

G′ = −1
qwv

z −→ ∞
�G�&o.hIv.m>vL�
ynqwp�h0v?t�qwm>v?s>g#j7mTv?j7h�v%k�lDsBk�qwm>v��.l�m�
#gihT�

C
�N�BsCl�qih�tQ��l�m>p �>�

z = 0
�

k�m6^.�nqwv
z −→ ∞

�
f �#�������T�=qrtGl�h0{Gl�q;k�k�h�v qwvRv.m>v?y.qip�h0v#t�qwm>v?s>g`��m>l�p��
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v̄z

p
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=













rF/R
rG/R
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p/R2

C
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+�v%k�l�mnynu?j0qiv?x�f3�@������7T�Fqwv)f3�Nt��S�M�J@3�>�����nk�m>x>h0k�o.h�l�{Gqik�o f3�Nt����W*T���#{4h:m8�nk�s>qivRk�o.h�mTl�ynqwv?s>l�|�v?m>v.gwqiv?h�sClIt�|nt�k�h0p ��m>l�k�o.h
sC~nqws>g��.l�m
?gwh�t

F
�
G
�
H
�
P
sCv?y

C
�

2F + H ′ = 0
����%�

F 2 − (G + 1)2 + HF ′ − νF ′′ − ν′F ′ = 0
��-Q>�

2F (G + 1) + HG′ − νG′′ − ν′G′ = 0
����T�

P ′ + HH ′ − νH ′′ − 2ν′H ′ = 0
���"C�

Sc HC ′ −
C ′′

ν
+

ν′

ν2
C ′ = 0

���*T�

{Go?h0l�h
ν
qrtGx>qw�>h�v��N|�f �#���'*T�&s>v?y

ν′ = m exp(mC) C ′
�����T�
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f �%t��G����A@ ��*%��s>l�h�t�mTgi�Th�y�u?t�qwv.x�k�o.h)(�h0{&k�m>v p�h7k�o?mNyK�=qwv s3u.v.qi��m>l�pcx>l�qwy mC�+�@m>qwv%k�t�� {Gq;k�o t��?sTj7h y.h0l�qi�BsBk�qi�Th�t
l�h0�?l�h�t�h�vTk�h�yN�N| t�h�j0m>v?y�m>lDynh0lOsC�.�.l�m�~nqip sCk�qwm>v?t��1Mnm>gw�%qwv.x k�o.h�t�h�h��%u?sCk�qwm>v?tIl�h��%u.qwl�h�t��@h�j0q 
#j�sBk�qimTv�mC�=k{4m �?sClDsCp�h7k�h0lDt��
k�o.hH�.u.gwzNM.jDo.p�qwyNkOvNu.p?�@h0l

(Sc = 2000)
s>v?yRk�o.h��?s>l�s>p�h7k�h�l

m
sC�.�@h�s>l�qwv.x qwv�f3�@�1�Z">���`{Go.qrjDo u.gik�qwp�sCk�h�gi|)ynh�
?v.h}y.h

h�gih�j�k�l�mTgi|%k�hG�Nqrt�j0mTt�q;k|}sBk k�o.hGqiv%k�h0l��6s>j7hG{Gqik�o�k�o.h�h�gih�j�k�l�mnynh>�T{Go.h0l�h&k�o?h�v.m>vL�
ynqwp�h0v?t�qwm>v?s>g.j7m>v#j7h0v%k�l�sCk�qwm>v�mC�@k�o.h�l�h0gwh0�Bs>vTk
jDo?h0p�qwj�sCg�t��#h�j7qwhOqrt&h��%u?s>g@k�m��>�G�&o.m>u?x>o��@mCk�o��%u.h�tk�qimTv?tF{4h�l�h,s>y.l�h�t�t�h�y qwvRs}t�h0�?s>l�sCk�hO�?sC�@h0l/�N|�k�o?h,s>unk�o?m>lDtO�W9&sClDj7qrs
�^^RQn�nt�uY�.p�q;k�k�h�y#�&{4h1�.l�qwh7�?|�l�h0�Nqwh0{ k�o.h:zTh0|��@m>qwv%k�t&mC�Sk�o?h�t�uL�LCh�j�k&��mTl&k�o.h�t�sCzThOm>�Sj0m>p��.gwh7k�v?h�t�t0�

�&o?hH�?u.giz<MnjDo.p�qwynk�v%u?p?�@h0l,qwt,h�s>t�qigw|)h�t�k�qwp sBk�h�y �%|�v.mCk�qiv.x k�o#sBk:k�o?h��Nqrt�j0mTt�q;k|Rm>�=k�o?h)�
M H2SO4

t�mTgiu.k�qwm>v�qrt
ν∞ = 1.0 × 10−2cm2/s

s>v?y k�o.h�y.q �`u?t�qimTv�j0m%h���j7qwh0v%k�mC��k�o.h
Fe+2

qimTv qwv�k�o.h:h�gih�j�k�l�mTgi|%k�hOqrt
D∞ =

�
�&o?h:giqwp�q;k+j0u.l�l�h0v%k�ynh�v?t�qik| sCkFk�o.h:qwvTk�h0l��6s>j0hOqrtGxTqi�Th0v��N| k�o.h:l�h0grsBk�qimTv��

i = nF
1

Sc

1

ν0/ν∞
(C∗

∞
− C∗

s )
√

ν∞Ω
dC

dz

∣

∣

∣

∣

z=0

� ��^T�

{Go?h0l�h
i
qrtIh0~n�.l�h�t�t�h�y qiv

A/cm2
�
n
qwt+k�o?h��Bs>gih�v?j7|RvNu.p?�@h0l,m>�Qk�o.h jDo.h�p�qrj0s>gSt��@h�j7qwh

(n = 2)
�
F = 96500 C/mol

�.qrt
k�o.h �#sClDs>y.s�| j0m>v?t�k�s>vTk��

C∗

s = 2.0 × 10−3mol/cm3
qrt,k�o?h�ynqip�h�v?t�qwm>v#sCg=j0m>v?j0h0v%k�lDsBk�qimTv�mC�Fk�o?h t��@h�j0qih�sCk�t�sCk�u.lDsBk�qimTv

j0m>v?y.q;k�qimTv?t+s>v?y
C∗

∞
= 0 mol/cm3

� �&o.h�gwqwp�qikOj0u.l�l�h�vTk+y.h0v?t�q;k|�qrt�m�.k�sCqwv.h�yRh7~n�#h�l�qwp�h0v%k�s>gi|�s>t
i = 0.8810 A/cm2

sBk
900 rpm

���&o.h:l�h0p sCqwv.v.qwv.x��BsCl�qws�.gih�t&qivRf3�@�U� ��^%���
ν0/ν∞

s>v?y k�o.h:v?m>v?ynqwp�h0v?t�qwm>v?s>gKynh0l�qi�BsCk�qw�>h,mC�Sk�o.h�j0m>v?j0h0v%k�lDsBk�qimTv
�?l�m
?gihIsBk=k�o.h+qwv%k�h�l��6sTj7h>�

dC/dz|z=0

�%ynh��#h�v?y mTv k�o.hOj7mTv?j7h�vTk�l�sCk�qwm>v��.l�m�
?gwh>�T{Go.qrjDo�qwt=m�nkDsCqwv.h�y��N| t�m>gw�%qwv.x:f3�Nt��@�����1@
��*T�7���&o.h,�.l�m
?gwhOqrt&qik�h0lDsBk�qi�Th0gw|�t�mTgi�Th�y u.v%k�qwg�k�o?h1&5._M mC�1f3�@�U�M�^T�Fj7mTvN�>h0l�x>h�tQk�m�k�o.h,h7~n�@h0l�qip�h�vTkDsCg��BsCgwu.h,mC�Sk�o?h:giqwp�q;k
j0u.l�l�h�vTk�ynh�v?t�q;k|T� P4m>vN�>h�l�xTh0v?j0h+qrtGsBk�kDsCqwv.h�y ��mTl

ν0/ν∞ = 2.255
�
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�&o?h�o?qixToEMnjDo?p�qryNk:vNu.p?�@h0l:m>�=k�o.h��.l�m8�.gwh0p gwh�s>y?t+k�m)s lDsBk�o.h0lIk�o?qiv�j7mTv?j7h�v%k�lDsBk�qwm>v`�#mTu.v?y.s>l�|)grs�|>h�l��?�&o?h�lDsBk�qim
�@h7k{Fh0h�v k�o.h�k�o.qizNv.h�t�t�h�t�mC�=k�o.h�oN|nynl�mNy.|%v#sCp�qwj

(δh)
sCv?y�k�o.h�j0m>v?j0h0v%k�lDsBk�qimTv

(δh)
�#mTv?y.s>l�| grs�|>h�l�tOqrt,x>qw�>h�vK�K��mTl,k�o.h

l�mCkDsBk�qiv.x ynqrt�z �?mB{ �?l�m8�.gih�pR���%|3�6�Kh��NqwjDoK�U���>�%�>���

δh

δc
≈ 2 Sc1/3

� �n���

�
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�Sqwx>u.l�h�� �	4Iqwp�h�v?t�qimTv.gih�t�t=�>h�gimnj7qik|>�Nj7mTv?j7h�v%k�lDsBk�qwm>v s>v?y �Nqwt�j7m%t �
qik| �?l�m
?gih�t4��m>l

ν0/ν∞ = 2.255
s>v?y

Sc = 2000
�

�&o?h k�o.qwv j7mTv?j7h�v%k�lDsBk�qwm>v �#mTu.v?y.s>l�|3gws�|Th0l,l�h�t�u.g;kDt:qwv
�Th0gwmnj7qik|��.l�m�
?gwh�t1�Th0l�|�j7gwmTt�hFk�m,k�o?hGm>v.h�t1m�nkDsCqwv.h�y}��m>l
k�o.h:j7mTv?tkDsCv%k4�Nqrt�j0mTt�q;k|�j0sTt�hT�TmTunk�t�qrynh+k�o.h,j7m>v#j7h0v%k�l�s��
k�qimTv>�@m>u.v#y.sCl�|3grs�|>h�l��1{Go.qrjDo h0~%k�h0v?y?t�k�m

z ≈ 0.25
�

+�v �?sCl�k�qrj7u.grsCl��1{4h m�nkDsCqwv
H = −0.88559

�6s>l���l�m>p
k�o.h�ynqrt�z���m>l&k�o?h:��s>l�qrs��?gihO�Nqwt�j7m%t�qik| �?mB{ j0m>v?t�qrynh0l�h�y��
{Go?h0l�h�s>t

H = −0.88447
��mTl k�o?h3j7mTv?t�k�sCv%k �Nqrt�j0mTt �

qik| j0sTt�hT� �&o.h v.mTv���ynqip�h�v?t�qwm>v#sCg��Th0gwmnj7qik|>���Nqrt�j0mTt �
qik| sCv#y j7mTv?j7h�v%k�lDsBk�qwm>v �?l�m
?gih�t0�

F
�

G
�

H
�

ν
�Ik�o.h

�Bs>l�qrs��.gwh3y.q �`u?t�qimTv j7mNh�� j0qih�v%k
D

sCv?y
C
�Im8�nk�s>qiv.h�y

��mTl
ν0/ν∞ = 2.255

sCv#y
Sc = 2000

sCl�h t�o.mB{Gv qwv
�Sqwx?�U�����7�

.+mB{4h��>h�l���k�o?h&y.h0l�qi�BsBk�qi�Th�t�mC�#k�o.h&�>h�gimnj0q;k|,�.l�m�
?gwh�t
s>l�h�t�k�l�m>v?x>gw| s��`h�j7k�h�y��N| k�o.h}j7m>v#j7h0v%k�l�sCk�qwm>v��#mTu.v?y#�
s>l�|�grs�|>h0l��?sTt+t�o.mB{Gv)qiv3��qwx?�1�M�T��� �+�#mTv�s>t�t�u.p�qiv.x s
k�o.qrjDz%v?h�t�t+m>�

δh = 6
��m>l+k�o.h�oN|nynl�mnyn|Nv?s>p�qwjO�@m>u?v?y#�

s>l�|Rgrs�|>h�l�{4h}h�t�k�qwp sBk�h�s k�o.qwjDzNv.h�t�t+mC�
δc = 0.24

��m>l
k�o.h�j7mTv?j7h�v%k�lDsBk�qwm>v�m>v.hT�Bu?t�qwv.x,f3�@�.�M�.���7� �&o.h&�.l�m�
?gwh�t
vNu.p�h�l�qrj0s>gigw|�m�.k�sCqwv.h�y s>x>l�h0hO{Gq;k�o k�o.qrtGh�t�k�qwp sBk�qwm>vU�
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#h0gry.t�sCl�hO{Gl�qik�k�h0v)s>tGs�t�u.p�p mC��k�o.hO�#s>t�h,t�k�sCk�h:�.gwu?tGs��@h0l�k�u.lI�?sCk�qwm>v��

vr = v̄r + ṽr vθ = v̄θ + ṽθ

vz = v̄r + ṽz p = p̄ + p̃ CT = C̄ + C̃

} � �>�>�
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C∞ + (Cs − C∞) c













exp [i(αr + βRθ − ωt)] + cc
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{Go?h0l�h
ω
qrt:s j0m>p��.gwh7~ vNu.pJ�#h�l���{Gqik�o

<(ω)
sCv?y

=(ω)
�#h�qiv?x?��l�h�t��#h�j�k�qw�>h�gi|T�@k�o.h���l�h��%u.h0v#j7| sCv#y)k�o?h�lDsBk�h�m>�4x>l�mB{&k�o

m>�4k�o.h��#h�l�k�u.lI�?sBk�qimTvK�;�&o.h��?sClDsCp�h7k�h0lDt
α
sCv?y

β
sCl�h�k�o.h�j7mTp��#mTv.h0v%k�tOm>�4k�o.h��#h�l�k�u.lF�#sBk�qwm>v {&s��>h��
�>h�j�k�m>lIs>gimTv.x k�o.h
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β/α
qwtS�@mTt�q;k�qi�ThFs>v?y�j0m>u.v%k�h�l ��j7gwmnjDzN{Gqwt�h>��q;�

v?h0xTsCk�qw�>hT� �&o.h�t�k�l�u?j�k�u.l�h=k�u.l�v#tQj7m>u?vTk�h0lF�
j0gimnjDzN{Gqrt�h4q;�
ω/β

qrtQ�@mTt�q;k�qi�ThFs>v?y�j7gwmNjDzN{Gqrt�hT�Cqi�#v.h�xTsBk�qi�Th>� +�v}v.mTv���ynqip�h�v?t�qwm>v#sCg
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exp [i(αr + βRθ − ωt)] + cc
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�&o?h)�#h�l�k�u.lF�#sBk�qwm>v �BsCl�qws�.gih�t�sCl�h�qwv%k�l�mnynu?j7h�y qwv f3�Nt0���M� @ �T����sCv?y v.mTv.giqwv.h�sCl�k�h�l�p t sCl�h)ynl�m>�.�@h�y�� �&o.h)�?s>l�s>gigwh0g
�#mB{ o%|N�@mCk�o.h�t�qwt�qrt sTt�t�u.p�h�yK�+qwv m>lDynh�l�k�m j7mTv�
?l�p k�o.h s>t�t�u?p��.k�qwm>v k�o?sBkR�#h�l�k�u.lI�?sBk�qimTv �BsCl�qws�.gih�t s>l�h t�h��?sClDs��.gwh>�
��m�j0m>v?j0giu?y.h>�Sk�h�l�p t�m>�Gm>lDynh0l

R−2
sCl�h�ynl�m>�.�@h�y��1gwh�sTynqiv?x)k�m)k�o.h ��mTgigwmB{Gqiv?x j7m>p��.gwh7~��1v.mTv��
t�|Np�p�h0k�l�qwj>��xTh0v.h�l�s>giq�00h�y

h�qixTh0vN�BsCgwu.h��
h0qwx>h�vn��u?j7k�qwm>v �?l�m8�.gih�p��




A11 A12 A13

A21 A22 A23

A31 A33









h
η
c



 = ωR





B11

B22

B33









h
η
c





� �Q>�

{Go?h0l�h
η = αg − βf

�np�qwt�t�qwv.x h�gih�p�h�v%k�t&qwv k�o.h:p sBk�l�qrj7h�tFs>l�h10�h0l�m�s>v?y k�o.h:mT�#h�l�sCk�m>lDt
Aij

sCv?y
Bij

sCl�h,x>qw�>h0v��N|��

A11 = a114D
4 + a113D

3 + a112D
2 + a111D + a110 A12 = a121D + a120

A13 = a132D
2 + a131D + a130 A21 = a211D + a210

A22 = a222D
2 + a221D + a220 A23 = a231D + a230

A31 = a310 A33 = a332D
2 + a331D + a330

B11 = D2 − λ̄2 B22 = 1 B33 = iSc































{Go?h0l�h
Dn = dn/dzn sCv?y k�o.h�j0mNh���j7qwh0v%k�t

aijk
sCl�hIxTqi�Th0v��N|��

a114 = iν a113 = i(2ν′ − H) a112 = iν′′ − iν
(

λ2 + λ̄2
)

+ R (αF + βG) − i (H ′ + F )

a111 = −iν′
(

λ2 + λ̄2
)

+ iHλ̄2 a110 = iλ̄2
(

ν′′ + νλ2
)

− R (αF + βG) λ̄2 − R (ᾱF ′′ + βG′′) + iH ′λ̄2

a121 = 2 (G + 1) a120 = 2G′

a132 = R (ᾱF ′ + βG′) γ a131 =
[

2R (ᾱF ′′ + βG′′) + 6iλ̄2F
]

γ + 2R (ᾱF ′ + βG′) γ′

a130 =
(

Rλ̄2 (αF ′ + βG′) + R (ᾱF ′′′ + βG′′′) + 4iλ̄2F ′
)

γ +
(

2R (ᾱF ′′ + βG′′) + 6iλ̄2F
)

γ′ + R (ᾱF ′ + βG′) γ′′

a211 = 2 (G + 1) a210 = −iR (αG′ − βF ′) a222 = iν a221 = i (ν′ − H)

a220 = −iνλ2 + R (αF + βG) − iF

a231 = iR (αG′ − βF ′) γ a230 = iR ((αG′′ − βF ′′) γ + (αG′ − βF ′) γ′)

a310 = R Sc C ′ a332 = −
1

ν̄
a331 =

1

ν̄

(

ν̄′

ν̄
+

1

ν̄
C ′γ + Sc ν̄H

)

a330 = iR Sc (αF + βG) −
1

ν̄

(

−λ̄2 +
1

ν̄

((

2
ν̄′

ν̄
γ − γ′

)

C ′ − γC ′′

))

{Go?h0l�h
γ = dν/dC

��9Fm>u?v?y.sCl�|�j7mTv?ynqik�qwm>v?tFm>�Uk�o?hO�?l�m8�.gih�p'l�h��%u.qil�hOv.m>v���t�giqw���?mB{ sCv?y �BsCv.qrt�o?qiv.x�sB~nqrsCg�j7mTp��#mTv.h0v%k&mC�
k�o.h��>h0gwmnj7qik|�sCk+k�o.h}h�gih�j�k�l�mnynh�t�u.l��6s>j0h>���&o.h�t�h}j0m>v?ynqik�qwm>v#t+sCl�h�s>gil�h�sTyn| ��u?g 
?gwgwh�yA�N|�k�o?hJ�?sTt�h��
t�k�sCk�hT�#t�m�k�o?h}oN|nynl�mNy.|8�
v#sCp�qwj?
?h�gwy3j0sCv?v.mCk1�#h�p�mnynq 
#h�y �%|�k�o.h��#h�l�k�u.lF�#sBk�qwm>v3sBkOk�o.h�h0gwh�j7k�l�mNy.h�t�u.l��6s>j7hT�1+�v3j7mTv?t�h��%u.h0v#j7h�{Fh�p}u?t�kOl�h��%u.qwl�h
h = η = c = 0

qwv
z = 0

��$)m>l�h0mB�Th0l���{4h�j0m>v?j0giu#ynh���l�mTp k�o.h j7mTv%k�qwv%u?q;k| h��%u?sBk�qimTvK�Uk�o?sBk
h′ = 0

sCk:k�o.h�h�gih�j�k�l�mnynh
t�u.l��6s>j0h>�	+�v

z −→ ∞
{4h,l�h��%u.qwl�hOk�o?sBk&k�o?h:�#h�l�k�u.lF�#sBk�qwm>v��BsCv.qrt�o.h�t

(h = η = c = 0)
s>v?y k�o?sCk

h′ = 0
�

�&o?h h�qixTh0vN�BsCgwu.h��
h0qwx>h�vn��u?j�k�qimTv��.l�m�.gwh0pcynh�
?v.h�y>�N| f �#�G� �Q>��qwt�t�m>gw�>h�y v%u?p�h�l�qrj0s>gigw|>� MN�?sTj7h�ynh0l�qi�BsCk�qw�>h�t�sCl�h�l�h��
�?gwsTj7h�y��N|�ynqwt�j7l�h7k�hIt�h�j0m>v?y#�
m>lDynh�l=l�h0�.l�h�t�h0v%k�sCk�qwm>v?t��Ck�l�s>v?t���m>l�p�qwv.x�k�o.hOm>l�qixTqiv#sCg?�?l�m8�.gih�p'qiv�sCv h0qwx>h0vN�BsCgwu.h�� h�qixTh0vN�>h�j�k�mTl
�?l�m8�.gih�pR�.{Go.qrjDo qrtGt�mTgi�Th�y k�o.l�m>u?x>o k�o.h:qwvN�>h0lDt�hI�@mB{4h�l&p�h0k�o.mny��
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�&o?h�v?h0unk�l�s>g tkDs��.qwgiqik|�j0u.l��Th�tO��mTl,t�k�sCk�qwm>v?s>l�| y.qwt�k�u.lI�?s>v?j7h�t:sCv?y���m>l�ynqrt�k�u.lI�?sCv#j7h�tIk�u.l�v?qiv.x){Gqik�o
ω = 0.025

��m8���
kDsCqwv.h�y �N|�t�m>gw�%qwv.x k�o.h�h�qixTh0vN�BsCgwu.h��
h0qwx>h�vn��u.v?j7k�qwm>v �.l�m�?gih�p sCl�h}�?l�h�t�h�vTk�h�y�qiv �Sqix#��7.�}�SqwxTt���7?�MsT�IsCv?y<7?�'�#�Ot�o.mB{ k�o.h
v?h0unk�l�s>g j7u.l��>h�tIsTt�t�mnj7qrsBk�h�y)k�m k�o.h�j7mTv?tkDsCv%k:sCv?y k�o.h��BsCl�qws�.gwh}�Nqrt�j0mTt�q;k| j�s>t�h�t��@qwv3k�o.h

α × R
s>v?y

β × R
�.grsCv.hT�Kl�h��

t��@h�j�k�qi�Th0gw|>�=�Sqwx?�Y7#�6j��&t�o.mB{�tFk�o.h�j7u?l��Th�t&mC�Sk�o?h��BsCl�qws�.gih,�Nqrt�j0mTt�q;k|�j�s>t�h>�nqwvRk�o.h
α × β

�.grsCv.hT�3�&o.qrt/
?xTu.l�h:t�o.mB{�tFk�o#sBk
k�o.h,j7m>u?�.giqwv.x�m>��k�o.hIp s>t�t=j7mTv?j7h�v%k�lDsBk�qwm>v�
#h0gry�k�m:k�o.hOo%|nynl�mnyn|Nv?sCp�qrj%
?h0gry k�o.l�m>u.xTo�k�o.hI��s>l�qrs��?gih��Nqrt�j0mTt�q;k|�s��`h�j7k�t=k�o.h
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t�k�s�.qwgiqik| �?l�mT�#h�l�k�qih�t&mC�Sk�o.h�j0m>u.�?gih�y�
?h0gry.t��L�N| t�k�l�m>v.xTgi| �#h�l�k�u.lF�?qiv.x�k�o.h:v.h�unk�lDsCgUj0u.l��>h:mC�Sk�o?h�oN|Ny.l�mnyn|Nv?s>p�qrjOp�mNy.h�t
s>v?y��N|�qiv%k�l�mnynu?j0qiv?x�s�v.h�{ �6s>p�qigw|�mC�1p�u#jDo p�m>l�h,u.v?t�k�s�.gih,p�mnynh�t��?sTt�t�mnj7qrsBk�h�y k�m�k�o.h:p s>t�t4k�lDs>t�v.�@m>l�k&h��%u?sBk�qimTvK�

�&o?h j7l�qik�qrj0sCg/&Gh�|%v?m>gry.t�vNu.pJ�#h�l�m>��k�o.h oN|Ny.l�mnyn|Nv?s>p�qrj p�mnynh�t}qrt}l�h�y.u?j7h�y k�m sC�.�.l�m�~nqip sCk�h0gw|<Q^�� mC�+�Bs>giu.h ��m>l
j0m>v?t�k�s>v%k �%qrt�j7mTt�qik|:�?u.qry.t��2+�v�sTy.ynqik�qwm>vK�>k�o.h+u.v?t�k�s��?gihGl�h0xTqimTv�qrt t�k�l�m>v.xTgi|�h0v.grsCl�x>h�y}s>v?y�h7~Nk�h�v?y.t1k�m�p�mnynh�tQ{Gqik�o o?qixTo.h0l
{&s��>h�vNu.p?�@h0lDt0�Nk�o?sCv)qwv)k�o.h�j7mTv?t�k�sCv%k��Nqrt�j0mTt�q;k|�j0s>t�h>�/�&o.h�v?h0unk�l�s>gUj7u.l��>h,��mTl+j7mTv?t�k�sCv%k��Nqrt�j0mTt�q;k| �?u.qry.t��.l�h�t�h0v%kDt&k{4m
p�qwv.qwp�s?�.k�o.h�t�h�j7mTv?y�m>v.h:mnj�j7u.l�qiv?x�sCk

R ≈ 440
sCv?y��@h0qwv.x s>t�t�mNj0qwsCk�h�y�k{Fm s t�h�j7m>v#y u?v?tkDs��.gwh�p�mnynh>�?{Go.qwjDo)o?m>gry.t�s

�?l�m
?gih�s>gimTv.x�k�o.h}sB~nqws>gUynqwl�h�j�k�qimTv {Go.qrjDo)qrt�ynq!�@h�l�h�vTk+��l�mTp k�o?h:�.l�m
?gwh�s>t�t�mnj7qrsBk�h�y k�m k�o.h:p�mTt�k+u.v?t�k�s�.gwh:p�mnynhT� �&o.qrt
t�h�j0m>v?y}p�mnynh4qrt1p�m>l�hFs��@h�j�k�h�yJ�%|�k�o.h&�BsCl�qws�.gwh=�Nqwt�j7m%t�qik|1
?h�gwy�sCv?yJ�@h�j7mTp�h�t�k�o.h&p�mTt�kQu.v?t�k�s�.gih&oN|nynl�mNy.|%v#sCp�qwj=p�mNy.h>�
qwv�k�o.h:�Bs>l�qrs��.gwh,�Nqwt�j7m%t�qik|�j0sTt�hT�

.+mB{4h��>h�l���k�o.h v.h0{ j0l�qik�qrj0s>g &Gh�|Nv.m>gry.t�vNu.pJ�#h�l�qrt�v?mB{ sTt�t�mnj7qrsBk�h�y k�m k�o.h�v.h0{ u.v#tkDs��.gwh p�mnynh�t��Q{Go.qrjDo�h0p�h0l�x>h
��l�m>p k�o.h+p�mnynq!
?h�y��?mB{ y.|%v#sCp�qwj�t0�>l�h�t�u.gik�qwv.x,��l�m>p k�o.h+j0m>u.�?giqwv.x:{Gqik�o�k�o?h&k�lDsCv?t��#mTl�k m>�#k�o.h�l�h0gwh0�BsCv%k=jDo.h�p�qwj�sCg.t��#h�j7qwh>�
k�o.l�m>u.xTo�k�o.h+j7mTv?j7h�v%k�lDsBk�qwm>v�ynh0�@h0v#ynh0v%k �Nqwt�j7m%t�qik|>�2�&o.hGv.h�{ j0l�qik�qrj0s>gL&Gh0|Nv.mTgwy.t1vNu.pJ�#h�l1��m>l t�k�sCk�qwm>v?s>l�|�y.qwt�k�u.lI�?s>v?j7h�t�qrt
R = 52.3

��s�v%u?p?�@h0l�t�qwx>v.q!
#j0s>v%k�gw|Ot�p sCgwgih�l�k�o?s>v}��*RQn� 7>�?�7k�o?h4j7l�qik�qrj0sCgT�BsCgwu.hQ��m>lSj7mTv?tkDsCv%kU�Nqrt�j0mTt�q;k|+�?u.qry.t4�W$ sCgwqwz@�%���8*>�%���
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�Sqwx>u.l�h67 �O�&o.h v?h0unk�l�s>g t�sCkF�.qwgiqik|3j0u.l��>h�tOm>�&t�k�sCk�qwm>v?s>l�|)�@h0l�k�u.lI�?sCk�qwm>v?t
(ωr = 0.000)

�Kqwv k�o.h
α × R (a)

�
β × R (b)s>v?y

α × β (c)
�.gws>v.h�t��5P4u.l��>h�t5(�m?�:��l�h0��h0l�k�m j7mTv?t�k�sCv%k+�Nqrt�j0mTt�q;k| �?u.qry.t���P4u.l��>h�tB(�m#�+��l�h0��h0l+k�m k�o.h}t�k�s�.qigwqik| gwqip�qik

m>�Uk�o.h:oN|Ny.l�mnyn|Nv?s>p�qrjIp�mnynh:sTt�t�mnj7qrsBk�h�y�k�m�k�o.h:�BsCl�qws�.gihI�Nqwt�j7m%t�qik|�j0sTt�h��LP4u?l��Th�t/(�m#��7�l�h7��h�l&k�m�k�o.h:t�k�s�.qigwqik|�giqwp�q;kGm>�
k�o.h}jDo?h0p�qwj�sCg�p�mnynh}s>t�t�mnj7qrsBk�h�y k�m k�o.h���s>l�qrs��?gih��Nqrt�j0mTt�q;k|�j0sTt�hT�BP4u?l��Th�tB(+m?� ��l�h7��h�l�k�m �#h�l�k�u.lF�#sBk�qwm>v#tGk�u?l�v.qwv.x�{Gqik�o
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